The history of mutant genes in finite populations, such as the fixation probability and the fixation time, has been extensively studied by numerous authors. These theories play an important role in population genetics and evolutionary theory (see Kimura & Ohta, 1971 , for a review). This paper is to add a small piece of new knowledge to the theory, the age of an allele whose gene frequency is specified. This problem was first studied by Kimura & Ohta (1973) . We assume that every mutant is new to the population. Suppose that the gene frequency of a mutant allele is y. Then there are two possibilities: (1) this allele has never reached fixation, and (2) it has reached fixation previously and the frequency decreased to y at present. We will treat two distinct situations. We first consider the average age under assumption (1) and then the age including both possibilities (1) and (2). We call the former 'the age before fixation' and the latter 'the age including fixation'. Kimura & Ohta (1973) have obtained the age before fixation for a neutral mutant under the assumption of low mutation rate. This paper uses the same method as that of Kimura and Ohta, and obtains general formulas for both definitions of age without restriction of mutation rate.
Let V Sx and M tx be respectively the variance and the mean of the change in the gene frequency x in one generation, and let p (t, x, y) be the transition probability that the gene frequency is x at time 0 and is y at time t. Then it is well known that the p{t, x, y) satisfies ^ /. > P ' d *' V =Lp (t,x,y) ,
in which L is the operator
The partial differential equation (1) 
B( x > V)
gives the average time it took to pass from x to y, times the probability of being at y. Applying the operator L to B(x, y) and using (1), we have LB(x ,y) = r Jo = tp (t,x,y) \Z-I™p(t,x,y) 
dt. Jo
Note that tp(t,x,y)\% = 0 f"p(t,x,y)dt = <j> (x,y) Jo is the sojourn time at frequency y, and B{x,y)l<j){x,y) is the average interval since the frequency was x. Thus
LB(x,y) = -t(x,y).
(2) Applying L to ${x, y), ,y) = j Lp (t, x, y) 
p(t, x, y)\™ Jo
Jo ot = -p(0,x,y) = -8(x-y) ,
where S( •) is Dirac's delta function. This differential equation can be integrated:
for an arbitrary function /(•)> and A is a constant to be determined from the boundary condition on (f>{x, y)atx= 1. Note that the other boundary condition at x = 0 is 0(0, y) = 0, because no reverse mutation occurs and therefore if the gene frequency once becomes 0, it will never become non-zero again. The equation (3) and the solution (4) are essentially due to Wright (1938) , Kimura (1964 Kimura ( , 1969 and . Using the <j>{x, y) of (4), the equation (2) can be solved:
in which A is constant to be determined from the boundary condition at x = 1. As in (4), the other boundary is B{0, y) = 0. We can determine the constant A in (4) and (5). For the age before fixation, <fi(l,y) = 0shndB(l,y) = 0 for all 0 < y < 1. This is because the process (or a sample path) is stopped as soon as it reaches the boundary, i.e. x = 1 is an absorbing state. In this case, assuming u(x) = g (0,x)/g(0,1) 
where subscript 1 indicates 'before fixation'. On the other hand, for the age including fixation, the process is considered even after it reaches fixation until it eventually reaches extinction. In this case, as the starting point x approaches 1, the fate of the gene frequency becomes the same as that starting x = 1. Therefore <j> x {l, y) = 0 and B x (l,y) = 0, where the subscript x indicates the derivative with respect to the first variable. With these boundary conditions,
where subscript 2 indicates 'including fixation'. The value of function <f>(x,y) is the total number of generations in which the gene frequency is y if it starts from x, and the B(x, y) gives the average time it took to pass from x to y times the probability of being at y. Therefore if we consider many similar loci and assume that the population is at steady state, A(l/2N,y) = B(l/2N,y)l<f> (l/2N,y) gives the average age of alleles found in such a population.
Let N be the population size and u be mutation rate per gene per generation. Since every mutant is unique, the average number of mutant to occur in each generation is 2Nu. Therefore 2Nu times <j) x { 1/2N, y) or ^2( 1/2 JV, y) gives respectively the density of the gene frequency distribution at equilibrium, among those alleles which have never reached fixation and among those including any fixation period. If all alleles are selectively neutral and if V Sy = x(l -x)/2N and M Sx = -ux which are usually used,
where
On the other hand, the distribution including fixation period is
It is interesting to compare formulae (8) and (9). The former is linearly related to mutation rate, whereas formula (9) is a non-linear function of F = 1 -±Nu. The ratio, <j> 1 {lj2N, y)l<j> 2 { 1/2N, y), gives the probability that if a mutant is known 140 T. MABUYAMA to have frequency y, it has never been fixed. This probability for a neutral mutant is equal to U^Ny) )
provided F = 1 -iNu > 0, which is the condition that temporary fixation is possible. If 4Nu tends to 0, the probability becomes (1 -y). On the other hand, if iNu tends to 1, the probability becomes 1 for all y. The latter result is obvious, because as <LNu becomes 1, fixation ceases to occur. Returning to the main subject of this paper, we can obtain explicit formulae of the average age before fixation and including fixation for some simple cases. As a typical case, let V Sx = x(l -z)/2N and M Sx = -ux, where N is the population size and u is mutation rate. Then, assuming ±Nu < 1 and ignoring a term of order 1/22V, the age before fixation of a neutral mutant allele whose frequency is y, is where F = 1 -4Nu, and, as iNu approaches 0, the above formula becomes
This is the average age of a neutral mutant gene whose frequency is y, provided that it has never reached fixation and that every mutant arises at a homallelic locus, i.e. 4Nu -4 1. Formula (10) is the same as (13a) of Kimura & Ohta (1973) . However, since we usually do not know whether a mutant gene has previously reached fixation or not, the age including fixation is more important. The average age including fixation of a neutral gene is
where F = 1 -The validity of formulae (11) and (12) were verified by computer simulation and results agreed well with the theoretical expectations. We should first note that both functions (10) and (12) are monotone, increasing so that the higher the frequency of an allele the older we expect it to be. As y approaches unity, the value of A x ( 1/2N, y) in (11) approaches 42V, which is in accord with the result of Kimura & Ohta (1969) . Upon substitution of y = 1/2 in A x {lj2N, y) of (11), we have 4iVlog 2 « 2-8iV. Thus, if mutation rate is low, the mutant allele of a polymorphic locus at which the gene frequency is about 1/2 has been approximately 2-82V generations hi the population. It is interesting to compare this with 22V generations, which is the time required for a mutant gene to reach the gene frequency 0-5 for the first time.
Numerical values of formulae (10) and (12) are tabulated for wide ranges of value of 42V« (Tables 1 and 2 ).
The tables reveal several biologically interesting facts of the age including fixation. When 4Nu <^ 1, the age of an allele at high frequency is approximately equal to the reciprocal of the mutation rate, and the age of a low frequency allele is about y/u, where u is the mutation rate and y is the frequency. On the other hand, when 4Nu ^> 1, the age tends to be much less. The values of Table 1 show that the age before fixation increases as the mutation rate increases. For example, the fixation time is 4N generations if u = 0, but it is 1-6 x 4iV generations if 4:Nu = 1. When iNu > 1, formula (10) becomes invalid. Analytically the age before fixation and the age including fixation become identical, and they are given by formula (12). The age before fixation therefore increases as £Nu increases to 1 and then decreases as 4J$u becomes larger. The age has a maximum at 4Nu = 1.
The general formula obtained in this paper can be applied to a situation in which one of the alleles at the locus in question is selectively different from the rest. We will obtain the age before fixation for an allele with an additive effect on fitness. Let s be the selection coefficient of the gene and ignore the subsequent mutation of this allele. Then
and
and therefore
Substituting these functions into the general formulae we obtain the average age before fixation of the mutant gene whose frequency is y:
where S = 4Ns. Note that this formula is independent of the sign of S -4Ns. Thus the average age of an additive gene is independent of the direction of selection pressure. Numerical evaluation of formula (13) reveals that if \S\ < 1 the average age is nearly equal to that of a neutral gene. As | S\ becomes much greater than unity, the age of a gene whose frequency is not very small decreases almost as 1/\S\. However, the value for a gene of very small frequency tends to stay closer to that for a neutral gene even for large \8\. A few numerical values are given in Table 3 . It is interesting to note that the age including fixation of a neutral gene with iNu = 2 is equal to the age before fixation of that with very small 4Ns (the column under 4Nu = 2 of Table 1 and the column under |4i^s| = 0 of Table 3 ). The above method can be extended to obtain the variance of the ages of alleles whose gene frequency is specified. Let
C(x,y)s r^p(t,x,y)dt.
Jo Then applying the operator L to C(x, y), we have LC(x, y) = -2 f° tp (t, x, y)dt = -2B(x, y) . Jo Thus integration of this equation yields a formula similar to (5) in which the (j>{rj, y) is replaced by 2B(ij,y) . The boundary condition for the C(x,y) is the same as that for B(x,y) . The C(x,y)j(f>(x,y) is the second moment of A(x,y), and, in particular, C (lj2N,y)l^>(lj2N,y) is the second moment of the ages of alleles with gene frequency y.
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The age of an allele in a finite population* BY TAKEO MARUYAMA National Institute of Genetics, Mishima, Japan {Received 24 April 1973) SUMMARY The age of an allele segregating in a finite population may be defined in two ways. They are (1) the age of a mutant gene that has never reached fixation in the population, and (2) the age including any fixation period in the past. Theoretical expressions for these are derived on the assumption that every mutant is unique.
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